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Teopema Iprena & yp-HuUe CnUpPanbHOCTU
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Il. MexaHuka HamGy
0606uweHHan NAMUNBTOHOBA AUHAMMUKA
Yoichiro Nambu (1973)
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A general method for conserving quantities related to
potential vorticity in numerical models
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A bstract

Mambu proposed a generalization of Hamiltonian dynamics in the form
dF/dr = {F, H, £}, which conserves H and £ because the Nambua bracket
[F, H, Z} is completely antisymmetric. The equations of fluid dynamics fit
Mambu's form with F the energy and £ a quantity related to potential vorticity,
This formulation makes it easy, in pnnciple, o construct numerical fuid-
models that conserve analogues of M and Z, one need only discretize the
Mambu bracket in such a way that the antisymmetry property is preserved. In
practice, the bracket may contain apparent singularities that are cancelled by
the functional derivatives of Z, Then the discretization must be carmied out
in such a way that the cancellation is maintained. Following this strategy, we
derive numerical models of the shallow-water equations and the equations for
incompressible flow in two and three dimensions, The models conserve the
energy and an arhitrary moment of the petential vorticity. The conservation of
potential enstrophy—the second moment of potential vorticity—is thought to
be especially important because it prevents the spurious cascade of energy into
high wavenumbers,

Mathematics Subject Classification: 65P10
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A General Method for Conserving Energy and Potential Enstrophy in
Shallow-Water Models

RICK SALMON

Scripps Institution of Oceanography, University of California, San Diego, La Jolla, California

(Manuscript received 7 September 2005, in final form 15 March 2006)

ABSTRACT

The shallow-water equations may be posed in the form dF/dt = |F, H, Z}, where H is the energy, Z is the
potential enstrophy, and the Nambu bracket [F, H, Z] is completely antisymmetric in its three arguments.
This makes it very easy to construct numerical models that conserve analogs of the energy and potential
enstrophy; one need only discretize the Nambu bracket in such a way that the antisymmetry property is
maintained. Using this strategy, this paper derives explicit finite-difference approximations to the shallow-
water equations that conserve mass, circulation, energy, and potential enstrophy on a regular square grid
and on an unstructured triangular mesh. The latter includes the regular hexagonal grid as a special case.
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Tpexmephuie yp-Hun iinepa; Névir & Blender (1973)
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Towards a consistent numerical compressible
non-hydrostatic model using generalized Hamiltonian tools

Almut Gassmann®* and Hans-Joachim Herzog? ’

* Max Planck Institute for Meteorology, Hamburg, Germany
b Deutscher Wetterdienst, Potsdam, Germarny

ABSTRACT: A set of compressible non-hydrostatic equations for a turbulence-averaged model atmosphere comprising b
dry air and water in three phases plus precipitating fluxes is presented, in which common approximations are introduced in

such a way that no inconsistencies occur in the associated budget equations for energy, mass and Ertel’s potential vorticity. »
These conservation properties are a prerequisite for any climate simulation or NWP model. '
It 1s shown that a Poisson bracket form for the ideal fluid part of the full-physics equation set can be found, while ]

turbulent friction and diabatic heating are added as separate ‘dissipative’ terms. This Poisson bracket is represented as a
sum of a two-fold antisymmetric triple bracket (a Nambu bracket represented as helicity bracket) plus two antisvmmetric !
brackets (so-called mass and thermodynamic brackets of the Poisson type).

The advantage of this approach is that the given conservation properties and the structure of the brackets provide a good
strategy for the construction of their discrete analogues. It is shown how discrete brackets are constructed to retain their
antisymmetric properties throughout the spatial discretisation process, and a method is demonstrated how the time scheme
can also be incorporated in this philosophy. Copyright © 2008 Royal Meteorological Society

key worps  N'WP; conservable quantity: Poisson bracket
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Evaluation of three spatial discretization schemes

with the Galewsky et al. test

Seoleun Shin,'* Matthias Sommer.2 Sebastian Reich! and Peter Névir?
Institut fiir Mathematik, Universitdt Potsdam, Am Neuen Palais |0, D-14469 Potsdam, Germany

2Institut fiir Meteorologie, Freie Universitiit Berfin, Carl-Heinnch-Becker-Weg 6— 10, D-1 2165 Berin, Germany

*Comespondence to:

Seoleun Shin, Institut fir
Mathermatik, Universitdt
Potsdam, Am Neuen Palais 10,
D-144469 Potsdam, Gemmany.
E-mail: seshinf@uni-potsdam.de

Recened: 3 December 2009

Abstract

We evaluate the Hamiltonian particle methods (HPM) and the Nambu discretization applied
to shallow-water equations on the sphere uvsing the test suggested by Galewsky ef al.
(2004). Both simulations show excellent conservation of energy and are stable in long-term
simulation. We repeat the test also vwsing the ICOSWP scheme to compare with the two
conservative spatial discretization schemes. The HPM simulation captures the main features
of the reference solution, but wave 5 pattern is dominant in the simulations applied on
the ICON grid with relatively low spatial resolutions. Nevertheless, agreement in statistics
between the three schemes indicates their qualitatively similar behaviors in the long-term
intezration. Copyricht © 2010 Roval Meteoroloeical Society

/

Revised: 32 February 2010
Accepted: 21 Apnl 2010

Table l. Standard and Nambu discretization scheme.

Standard Discretization
PDE -,

l
PDE in Nambu form Mambu [Lmellzahnn

OCDE
servative ODE

7

ODE in Nambu form
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Knaccudpukauua «meteoponormueckux XuaxKocrei

P

A BapOTpOHHaﬂ CcxumMmaemaa OAHOKOMMNOHEeHTHAaA XXNAKOCTb

Teopema KenbBrHa 0 LMPKYNSALMM CKOPOCTU NPUMEHMMa K nodomy
3aMKHYTOMY MatepuanbHOMYy (3KMAKOMY) KOHTYpPY L BHYTpWM XnOKOCTH

EapOKﬂMHHaﬂ cxnumaemMmaa OQHOKOMMOHEeHTHaA XXKNAKOCTb

Teopema KenbBuHa nMPMMEHNMa K 3aMKHYTbIM MaTepunaribHbIM
KOHTYpam L, nexawmm Ha N33HTPOIMNYECKNX NMNOBEPXHOCTAX

BapOKnMHHaﬂ CXKnmaemMmanan ABYXKOMMNOHEHTHaA XUAKOCTb

Teopema KenbBrHa NnpMMeHnMa nNuLlb B UCKITKOYUTESNBbHbIX CIlydaax K
3aMKHYTbIM MaTtepuanbHbIM KOHTYpaM L, KOoTopble coBnagaloT C
NUHUAMN NepeceyeHnin NOBEPXHOCTEN S=const n g=const.




[UHaMUYECKan HEBO3MOXKHOCTL YCTAaHOBUBLUMX /
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HeHacblweHHbIA BAaXHbIK Bo3ayX (II)
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AlnarHocTM4ecKue napamerpbl M NPOrHOCTUHECKUE
UHAEKChL

1. CAPE (convective available potential energy; LFC — lifted free
convection level, EL —equilibrium level)
EL

CAPE = J‘(czfp —o)dp
LFC

2. SRH (storm relative helicity)

h
SRH = [(V —¢)-(kx6V/0z)dz =—[k-(V —¢)x 6V [ozdz
0 0

3. EHI (energy-helicity index)

(CAPE)x (SRH)

EHI =
160000

Cf. Doswell, C.A. and D.M.

Schultz, 2006: On the use of indices
and parameters in forecasting severe
storms. E-Journal of Severe Storms

Meteorology, Vol. 1, No 3.
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F1G. 3. As in Fig. 2, but for the CAPE vs SRH parameter space of EHI ;. Labeled curves are
lines of constant EHI.

L. = a

(Rasmussen, 2003) TOR —significant tornadoes of F2 or greater damage
intensity, SUP — soundings with hail 5.1 cm in diameter but without
significant tornadoes, ORD —non-severe thunderstorms.
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Cmepy 86113 XaHTbi-MaHcuiicka (3. Cubups, 61°€)

CAPE (m?s7?)

SRH (m?s7?)

EHI

0,797

Cwm., KypraHckuun, HYepHokynbcknn, Moxos (2013)
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HacbiweHHbIX BnraXHbIK Bo3ayX (I)
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IV. O6paTHasn cBA3b «JHTpOonuUA-NB-cnupanbHOCTLY
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V. O6paTtHasa cBA3b «dHTponua-lNB-cnupanbHOCTL»

«CnoHTaHHOE» ycuneHue cnupanbHctu (1)
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IV. O6paTHasn cBA3b «JHTpOonuUA-NB-cnupanbHOCTLY

«CnoHTaHHOEe» ycuneHue cnupanbHoctu () j
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IV. O6paTHasn cBA3b «JHTpOonuUA-NB-cnupanbHOCTLY

]
«CnoHTaHHOEe» ycuneHue cnupanbHoctm (HI1) /7
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V. O6paTHaa cBaA3b «dHTponua-lNB-cnupanbHOCTLY

«CnoHTaHHOEe» ycuneHue cnupanbHoctu (1V)
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3aKnouUTeNbHbIE 3aMevaHuA / /

Ana o6paTtumbix aguabaruueckux ABUIKEHUIA HeHaCbIWeHHOro u/unu

HaCbIWEHHOro BNAaXXHOro BO3AyXa NONY4YeHbl ABa pe3ynbrara,
NPUHLUNUANBHO OTAMYAIOLLMECA O TOrO, YTO MMEeT MeCTO ANA CYXOM
armocoepbl:

YcTaHOBUBLUEECA BUHTOBOE ABUMKEHUE CO BCIOAY KONNMHEAPHbIMU
BEKTOPaMM CKOPOCTU U 3aBUXPEHHOCTU AUHAMUYECKU HEBO3MOXKHO.

«CnoHTaHHOe» ycuneHue cnupanbHoCcT 6naropapa 6apoKAMHHOCTH U
CTPYKTYPHOW HEOAHOPOAHOCTU AUHAMUYECKU U TEPMOAUHAMUYECKHN
BO3MOXKHO.

— HauuHaa ¢ manbix HavaNbHbIX 3HAYEHUI CNUPANLHOCTL PACTET NPONOPYUMOHANLHO
yeTBepToii cTeneHu BpemeHu. HeHynesoe 3HaueHMe KO3 PULMEHTA NPONOPLUOHANBHOCTH
06bACHAGTCA pa3nnMuMem B 3HaUeHUAX NoKa3artens MNyaccoHa AnA Cyxoro Bo3ayxa u [
BOAAHOIO Napa, COOTBETCTBEHHO. :

— 3TOT MeXaHWM3M PaBHO NPUMEHUM K BNaXKHOI HacbiweHHOM (06nauHoit) atmocdepe, rae 3a |
TOT }Ke NPOMEKYTOK BpeMeHN CNUPanbHOCTL BblpacTaeT NpumepHo B 50 cunbHee Hexenn
B HEHACbIWEHHOM BNAXXHOM BO3AYXe.

«CnoHTaHHOE» YCUNeHUe CnUpanbHOCTU Haubonee apPpeKTusHO npu

HeoBpaTUMbIX TEPMOANHAMMUYECKUX NPoLLeccax BO BnaXKHO atmocoepe,

CONPOBOXAAOWMUXCA BbiNageHUEeM 0CaAKOB. Bo3nukaeT nonoxurennHana obpatHas !g
CBA3b, KOTAA Haua/NbHble 3HAYEHUA CNUPaNbHOCTK cnocoberayloT AnabaTtuueckoin o
TpaHchopmauuu nona MNB prens; 8 ceoto ovepeab MNB CAYKUT UCTOUHUKOM CMUPANBHOCTH.
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