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F L�!
ei = (1, . . . , 1)T ∈ � ni−ñi
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‖u − PΩh
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|‖u − PΩh
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Ωopt
h (NT , u) = arg min

Ωh:N (Ωh)≤NT

‖u − PΩh
u‖Lp(Ω).
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c0, c1 9 ��� = �(' 9 C(� � +A�;0B�5#&���� � �A�(�O)�� � = � � ∆ ⊂ Ωopt

h
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c0(H∆ζ, ζ) ≤ (H(x)ζ, ζ) ≤

c1(H∆ζ, ζ) ∀ζ ∈ � d.
���� "+��[+A�10 �,)����(�O�!�-����� ' )�� �,� ���,3 � ����# = Lp
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C(q, c0)
|Ω|

d+2p

pd
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≤ ‖u − IΩopt
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u‖Lp(Ω), |H̄| := (det|H|)−1/(2p+d)|H|.
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QG(e)
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QG(Ωh) = min
e∈Ωh

QG(e), QG(e) = Sd
|e|G

|∂∂ e|dG
F

( |∂∂ e|G
Pdh∗

)

,
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S2 = 12
√

3, P2 = 3, h∗ =

√

4|Ωh|G√
3N (Ωh)

, (d = 2),

S3 = 6
4
√

2, P3 = 6, h∗ = 3
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H = W T ΛW
k ! F ,
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Λ =

diag{λi}
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i = 1, . . . , d
`>� |λ1| ≤ · · · ≤ |λd|
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S |H| > = ��������> ��� �����"� �?������0	� �A� = �K� NT

G"� � � � �����,��� 9 ��� = �,0 9 C(� � Q|H|(Ωh) > Q0


 �P��� � � 9)����A���R+A�10M���(��)�� � = ��� ∆ ∈ Ωh 9  "+���+ ���A���5 "� ���W� 0 ‖u − IΩh
u‖L∞(Ω) 9 � �D)������(0 �A�W��0 ��<�� � = ��Q

‖Hps − (H∆)ps‖L∞(∆) < q∆|λ1(H∆)|, 0 < q∆ ≤ q < 1, p, s = 1, . . . , d,
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H∆ = H(

�
���
max
x∈∆

|detH(x)|) 9 λ1(H∆) S �"�-� �B�./�3 � � =�� � �,����� ��� ������� � ���$C	� ����� H∆
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‖u − IΩh
u‖L∞(Ω) ≤ C(Q0, q)‖u − IΩopt

h
u‖L∞(Ω),

).�5��C!� � ‖u − IΩh
u‖L∞(Ω) ≤ C(Q0, q)

( |Ω||H|

NT
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u‖L∞(Ω) ≤ Ĉ‖u − Iu‖L∞(Ω),
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‖u − PΩh
u‖L∞(Ω) ≤ ĈC(Q0, q)

( |Ω||H|
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Hh = {Hh
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Hh

ps ∈ P1(Ωh)
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uh = PΩh
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ai

∫

σi

Hh
ps(ai)v

h dx = −
∫

σi

∂uh

∂xp

∂vh

∂xs
dx ∀vh ∈ P1(σi), vh = 0
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ai
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ps(ai)

k -(34-(!"P0!"1�1�9>!�S 6��"$(#2%(*�,D?�)�'����e3412%K=�!"1���Gd�n5D?2��3"?�!EJ�%D.��/:f-�1�_�$�#�! 1�1��X:e_�3E?�,�-�Y
��� ��������� �(
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u ∈ C2(Ω̄) 9 uh = PΩh
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u 9 � Hh S � ���������.>
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‖Hps − Hσ, ps‖L∞(σ), σ < δ, |Hh
ps(a) − Hσ, ps| < ε,
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Hσ = H(xσ)
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xσ = arg max

x∈σ
| det(H(x))|) 
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δ
+ �������$� �,C!���M������� '
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Ĥh
rs(ai)v

h dx =
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 �����A���	���.+�� ��� 2D��� = <��(0 u ∈ W 1

p (Ω) ∩ W 2
1 (Ω) 9 p > d 9 � �������8� � ������/
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∆i ⊂ σi

 ���.+���� ��� ����0 ��3���� = �6+A�;0 2 ��� = <���� ���.���5��C(3 ��/B�-�����A/�����/ �.)�).��� = �A�(�O�$<���� uR2D��� = <���� uR = u(R∆(x))
�1���,�8� �,)����8���@�A).� ��+ �?� � ����Q
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|α|=1

hα
R‖∂α(uR − uR)‖Lp(∆R) ≤ CB min

|α|=1
hα
R‖∂α(uR − uR)‖Lp(∆R),

).�5��C!� � �(� � �A� � ����� �W��'��,+��(� �������
uR = uR
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hα
R‖∂α(uR − uR)‖Lp(∆R) ≤ CChα+αβ

R , |α| = 1, β > 0,
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H̄
Q ‖Hrs−H̄rs‖L1(σi) ≤

δ, r, s = 1, . . . , d.
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σi

u 9 ��'���+����W� 0 = +��52H2��?� � ��<������5�����"�O�K ���!���������(Q

‖Hrs − Ĥh
rs‖L1(Bi) . δ + CBCC |σi|1−1/p min

k=1,...,d
hβ−1
Ri,k

,

).�5��C!� � �,<�� � = � � �
� ��� ��).� ���A�������(Q ‖Hrs − Ĥh
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Ã−1

Ii
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+ Ĝ,

F L�!
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− ÂΓiIi
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û

(s±1)
ij

Y
�v?2)R�@?2_X=2%D)

ε � h
� :�, L���78,��E$�AO78!"$(,4L�%t�

Tk = 1
`
k = 1, . . . , m

`�_��"$&%D12%(-D?���-I%(!"$(�])��E?�!�L2U
�E$�-���!"7�5�,D?2! !n,�5(.�! F ,�_�$�-�!"#IJ�L�!"1���)^� ��!",�#�!"7C% � YM�b�

� � �A+���� �$��� 
-
 ��
X�����A���
ε � h 9 Tk = 1 9 k = 1, . . . , m 9 fij ≥ 0 9 gij ≥ 0 9 �6���.+�� ���

��� ���8����<��.� �?�-������0E� �A� �,C!����0 2 ��� = <��(0 ut−1
ij

���
Ω̄

��� = ��0 9 C;� � maxΩh
|uij − ut−1

ij | ≤ 1



� �� "+��
max
Ωh

|uij − ut
ij| ≤ 3mq

−dh/h
1 max

Ωh

|uij − ut−1
ij |, q1 =

h

ε
.

��%(6���7�,(5�#2%D3 ,�7>`2L�?2)d�"��1�FE_b?�)�#�1�,c-(,(347x_�.0!"1�1�,�F",c,�*�!"#2%D$�,(#2%\6�,�1�-�!"6�'����XU�L���mnm[_�34���Q��*�,��"$(,DU
)�1�1�9>7B6�,�1�-�! 6�$(��-�1�9>7<*�,D?�!"7<F"! ,�78!E$�#���=�! �"6/%&)T�"6X,(#�,��"$(Ae� :�, L���78,��E$��T78!E$�, L�% �s-I%(#�'2%t,�5�!"�EU
*�!"=���-I%D!"$��])O78��1���7C%&?�A(1�9>78�c*�! #�! 6�#�9i$(��)�78�f78!"JML�_V*�, L�,�5&?�%(�"$K)�78�O�t-�� !"F ,�?2��P0AM, L�1�,(Gt-�1�_IU
$(#�! 1�1�! GR��$(! #2%D'���! Gd-V*�,D?�,�� %&:

Ωk

Y
�j�E?�_/=�%(!W*�!"#�! 78!"1�1�,�F",V6�,�1�-�! 6�$(��-�1�,(F ,�*�,D?2)\�zL�,(78��1���#�_Xop.0��7
12%(*�#�%(-D?�!"1���! 7
F !",�78!"$(#��/U

=�!"� 6X%D)Q�"6X,(#�,��"$(Ae� :�, L���78,��E$��T78!E$�, L�% �s-I%D#�'2%t,�5�!"� *�!"=���-I%D!"$��])Q34%t� =�!E$d%KL�%(*�$(��-�1�,�F",c#2%D3 5��/U
!"1���)
*�! #�-�,�F ,R_X#�,(-�1�)�12%N*�, L�,�5&?�%(�"$(��`�$(,�=�1�,�F",H#�!"P0!"1���)
*�, L�34%bL�%K=�-N*�, L�,�5D?�%D�"$K)/:�U *�,D?�,�� %&:
�O*�#�,D$���-�,D$�,�6�,�7>`C78��1���7C%&?�A�1�9>78��*�! #�! 6�#�9i$(��)�78�j78!"JML�_^*�, L�,�5&?�%(�"$K)�78�/U�*�,D?�,�� %(78�j��-��"! F ,
?��/P0Av,4L�1�,�GV-�1�_�$�#�!"1�1�!"G\��$(! #2%('���! Gt-[*�,D?�,�� %&:

Ωk

5�!E3z*�#�,($(��-�,($(,�6X%�`�F L�!z12%&?�!"F@%(1���!p*�, L�,�5D?�%&U
�E$�! Gd-($�,�#�,�F ,M_X#�,�-�1/)

Ωk,s

L�,D?2Jr1�,M5�9i$(A\*�,(#�)�L�6X%�P���#���1�9
Ωk

Y
hW*�! #2%&$�,�#M3K%KL�%K=����>*�! #�!"78! 1�1�9>7T6�,�1�-�!"6�$���-�1�9>7T*�,D?�! 7���78!"!"$v-��XL L = −ε∆+B1(x1, x2) ·

∂
∂x1

+ B2(x1, x2) · ∂
∂x2

,
�nL�,�*�,D?�1���$(!E?�A(1�9>7�*�#�!@L�*�,D?�,KJM!"1���! 7>`q=�$�,tm[_X1�6�'����

B1 �
B2 L�,(�"$&%&U

$(,�=�1�,OF ?�%bL�6���!(`�1�!M*�#�! -(9iPM%(op.0��!�*�,c78, L�_K?�o���`��
B1(1, x2) > 0

Yqy�%D3 5���! 1���!
Ω

12%t*�,D?�,(� 9

Ωk

L�,D?2Jr1�,V5�9i$�Ac%KL�%(*�$(��#�,�-I%D1�,Q� =/$�,t78,KJM!E$t5�9i$(At#�!4%b?���34,(-I%(1�,\%(-($�,(7C%D$���=�! � 6����p$&%(6���7~,(5DU
#2%&34,�7>`2=�$(,\-�!"6�$�,(#d*�!"#�! 1�,(�4% ~B = (B1, B2)T -

Ωk

_KL�,�-D?�!E$�-�,�#I)�!"$r,4L�1�,�7x_O��3WL�-(_I:O_(�E?�,�-(��G��
?���5�,

B1
ij ≥ B0 > 0, −B2

ij ≤ R · B0

-
Ωk,

�R1�!"6X,D$�,�#�,(G�6X,(1��"$&%(1/$�,�G
0 < R < 1

`C?���5�,

�
<



B1
ij ≥ B0 > 0,

-
Ωk \ (ak; ak+1) × (0; 1).

�s*�!"#�-�,�7{�@?2_X=2%(!c��1XL�! 6��
Ωk

*�#���1�%bL2?�!EJ\��$Q781�,DU
JM!"�"$(-(_ Ps

`�-�,t-($(,�#�,�7jk 781�,bJ0! �"$(-(_ Pv

Y6=0,�#�7x_K?���#�,�-�6X%VL�-(_I:X_X#�,�-�1�!"-�,�F",c78!"$�, L�% �s-�%(#�'2%
1���=�! 7+1�!M,($4?���=2%D!"$��])T,($f�E?2_X=2%&)H*�,��"$(,b)�1�1�,�F",e*�,D?2)Q*�!"#�! 1�,(�4%�Y��{�E?2_X=2%D!V*�! #�!"78! 1�1�,(F ,d*�,D?2)
789<,�*�#�!�L�!E?���7�*�,��@?�!@L�,(-I%D$�!@?�A�1�,(�"$�A

Tk
�@?�!@L�_Xop.0��7�,�5(#2%D34,(7>�

Tk =

{

T, k ∈ Pv

1, k ∈ Ps.
,

F L�!
T

k 1�!"6�,($�,�#�,�!�5(,D?�A(P�,�!n'�!E?�,(!v=����E?�,�Y�Zn#�!@L�*�,&?�,KJM! 1���!
T � 1

`�,(3412%K=2%D!"$b`�=�$�,�3K%KL�%K=��e-
*�, L�,(5D?�%(�E$K)/:

Ωk

`
k ∈ Pv

`�#�!"P0%(ow$(�])N$�,�=�1�,�Y >u*�#�,(.�! 1�1�,�!�L2?2)N�@?2_X=2%D)
ε � h

_�$(-�! #IJML�! 1���!
,V� :I, L���78,(�"$��d78!"$�, L�%V-�9>F ?2)�L���$r�E?�!�L�_Xow.0��7�,�5�#2%D3 ,�7>�

��� ��������� 
-
��.
 ���������
ε � h 9 T � 1 9 fij ≥ 0 9 gij ≥ 0 9 ����������� ����� ��� Ωk

�$+��.)����.� ���$�����
= ~B 9 �P���.+������ ��� �,�8�5��<��.� �?�5�����,0 � ��� �,C!����0 2 ��� = <���0 ut−1

ij

���
Ω̄
��� = �,0 9 C(� � maxΩh

|uij −
ut−1

ij | ≤ 1.
� �?�-�

dh = min
1≤k≤m−1

k∈Ps

(bk − ak+1) ≥ h · ln 6m

ln q3
, min

k∈Pv

bk − ak+1

h
≥ 1 +

ln 2#Pv

ln q3
, q3 = 1 +

B0h

ε
,

(n̂
(s)
2 − n

(s)
2 )h ≡ (n

(s)
1 − n̂

(s)
1 )h ≥ max

1≤k≤m

k∈Ps

(bk − ak) +

[

dh

h

ln q3

ln q4

]

h, q4 =
1 + B0h

2ε

1 + R · B0h
2ε

,

� �
max
Ωh

|uij − ut
ij| ≤ Q max

Ωh

|uij − ut−1
ij |,

� = ���5�A��� ��� �,/ Q < 1 9 ������� �$�5� 05% �A/ �,� ε 9 h



�e!"$(, Le?2! F 6�,M,�5(,�5(.M%D!"$��])O1�%�$�#�!@:/78! #�1�9>Ge�E?2_X=2%DG�Y����@?2_X=2%(!W,($(�"$D_X$(�"$(-���)f34,�1c�W*�#�,($���-�,DU
$(,�6�,�7�%(#���mn78!E$���=�!"� 6X%D)N�@?�,KJ\1�,��"$(At, L�1�,�Ge��$�!"#2%('����d*�#�,�*�,(#�'���,�1�%&?�A�12%V=����@?2_d1�! ��3 -�! �E$�1�9;:
6X%(6H-cL�-D_�:/78!"#�1�,�7>`|$&%(6T��-O$�#�!@:�78!"#�1�,�7{�@?2_X=2%(!DY��l�E?2_X=2%D!r12%b?���=���)Q?�,�6X%&?2A�1�9;:�-��/:/#�!"-�9;:
3 ,�1M%(#���mv78!E$���=�! � 6X%D)�S"mnmv!"6�$���-�1�,��E$�A[78!"$(, L�%Wmv%(6�$���=�! �"6��M1�!�_I:X_4L�PM%D!"$��])qY��e!E$�, LML�,�*�_(� 6X%(!E$
S"mvmn!"6�$���-(1�_Xos*2%(#�%&?�?�!@?���3K%D'���ol3K%�� =�!E$\-�1/_X$(#�! 1�1��/:e��$�!"#2%('���Gd-($(,�#�,�F",V_X#�,�-(1�)�Y

y�%D3E?���=�1�9>!N*2%(#2%&?�?�!E?�A(1�9>!R*�#��X?�,KJM! 1��/)�S"$(,�F ,T78!"$�, L�%a-�$�#�!@:/78! #�1�9;:�1�! �E$&%('���,�1�%(#�1�9;:
34%bL�%K=2%&:r-�9>=����E?���$(!E?�A(1�,�GcF ��L�#�, L���12%D78��6��t*�#�!@L��E$&%(-D?�!"1�9 �R�
�!�
�8���
� ��
�� `�F L�!p#2%(� �"7C%D$�#���-I%&U
op$��])O_X#2%(-�1�!"1���)O6�,�1�-(! 6�'����/U�L���mvm[_�34����`�#�! %(6�'����XU�6�,�1�-�!"6�'����XU�L���mnm[_�34���e�W*�,D?�)�78��`/-�6/?�ow=2%&U
op.0��78�f� �/?2A�1�9>!n-��/:/#���`�_X#2%D-�1�! 1���)f�n%(-�A�!@U���$�,(6X� %�L2?2)c3K%KL�%K=f,(5($�!"6/%D1���)�`�_X#2%D-�1�! 1���)c$�!"*/?�,DU
7C%(�"� ,�*�! #�!"1�,��4%�-Q*�#�,��E$�! G/P0! 7s:/��78��=�! �"6X,(7�#�!4%D6�$�,�#�!(Y��n%(#I)XL�_^�c_X#2%(-(1�! 1��/)�78�
6X,(1�-�! 6�'����/U
L���mvm[_�34����`C*�,��E?2!@L�1���!cL�-�%Q*�#��/?�,KJM!"1���)
*�,�#�,KJML�%(op$H!E.0!O, L���1
6/?�%(�"�O*�#�,�5D?2! 7>�81�!",�54:I, L��/U
78,��E$�A�#�!EPM%D$(A
*�,��E?�!�L�,�-I%&$�!E?2A�1�,��E$�A
5�,D?�A(P��/:�JM! �E$�6��/:�� ���E$�! 7>`;-�,(341���6X%(ow.��/:�12%a6X%DJML�,�7
P0%(F !v*�,�-�#�!"78! 1���Y

��@



� ���	�
�x�
�
� ��
�# *�#�!@L��E$&%(-D?�!"1�,�1�! �"6X,&?�A�6�,�%bL�%(*/$���-�1�9;:t��$(! #2%D'���,�1�1�9;:t$�!@:/1�,D?�,�F"��G�`�_(� 6�,DU
#I)�op.0�/:f-(#�! 7x)f#�!EP0! 1���)d*�,��E?�!�L�,�-I%&$�!E?2A�1�,��E$��R�"���"$(! 7>`�*�,�#�,KJML�%(!"789;:O-�*�#�,�'�!"� �"![L���� 6�#�!E$��/U
34%('����V*�,[-�#�!"78! 1��qYX}�$���$�!E:/1�,&?�,�F ���V?�!"F 6�,�*�%(#2%&?�?2!E?���3"_Xow$��])\��1�!>��� *�,D?�A(3"_/op$��"-�,�G��E$�-I%[#2%D�EU
=�!E$�1�,(G0� !E$�6����&�/:v,��"1�,�-�1�,�G�'�!E?�A�o�)�-&?2)�!E$��])�*�,��"$(#�,�!"1���!�:�,�#�,(P�! F",W12%K=2%&?�A(1�,�F ,p*�#���5D?���JM!"1���)
L2?�)f$(! 6�_�.�! GN� ���"$�!"789{12%M,�� 1�,�-�!n��1�mn,�#�7C%D'�����`2*�,&?2_X=�! 1�1�,�Gd*�#��d#�!EP0! 1����d*�#�!@L�9�L�_�.��/:R�"�/U
�E$�! 7>Yxy�%(�"� 7C%D$(#���-I%(op$��])
$�#��a$(��*2%R*�,(�E?�!�L�,�-I%D$(!E?�A(1�,��"$(! G
� ���E$�!"7 _X#2%(-(1�! 1���G��z��%��[?���1�! G�1�9>!
�"���"$(! 789 �O,4L�1�,�Gj6�-I%bL�#2%&$�1�,�G�7C%D$�#���'�! G

A
�j#2%D3 1�9>78�j*�#2%(-�9>78�
=2%(�E$K)�78�

bk � ��5��v?���1�! G/U
1�9>!�� ���E$�!"789 �v#2%D3 1�9>78��`�1�,\5&?���346���78�R6�-I%KL�#2%D$(1�9>78�R7C%D$(#���'2%(78�

Ak �d#2%&341�9>78�e*�#2%(-�9>78�
=2%D�"$K)�78�

bk � � -I�;1�!E?���1�! G�1�9>!�� ���"$�!"789[Y
��*�! #�-�,(7s�E?�_/=�%(!e��� *�,D?2A(3 _(!"$��])�,(5�,�5(.�! 1�1�9>G
78!"$(, L~� ,�*�#�)/JM! 1�1�9;:�1�! -()/34,�6q`8F L�!e*�,�78�/U

78,
AT A

U�,�#/$�,�F",�12%&?�A(1�9;:O6�#�9;?2,�-�� 6��/:f-�! 6/$�,�#�,(- K = {pj}m
j=1

`2�/34-�!"�"$�1�9+-�! 6/$�,�#�9 {Apj}m
j=1

Y
Z[,��"6X,&?�A�6�_e*�#�,�!"6�'���)

bk 12%r*�#�,��E$�#2%(1��"$�-(,
AK ! �E$�A m

∑

j=1

(bk ,Apj)

(Apj ,Apj)
Apj,

$�,\*�#�,�!"6�'���)d#�!"P�! 1���)

xk = A−1bk 12% K ! �E$�A
x̂k =

m
∑

j=1

(bk ,Apj)

(Apj ,Apj)
pj.

�x%(6���7d,�5�#�%D34,�7>`b*�#�,�! 6�'���)01�!"��34-(! �"$(1�,�F",[#�!"P�! 1���)
12%r12%(6�,�*/?�!"1�1�,�!�6�#�9;?�,�-(� 6�,�!M*�, L�*�#�,��"$(#2%(1��E$�-�,O78,KJM!"$t5�9i$�Ar?2! F 6�,c-�9>=����E?�!"12%t*�,��"#�!@L��"$�-(,�7

k
� 6X%&?2)�#�1�9;:e*�#�,(��34-�!�L�! 1���G�`�%�12%(6�,�*X?�! 1���!�*�, L�*�#�,��"$(#2%(1��E$�- K �

AK 78,KJM!"$\5�9i$�Ar*�#�, L�,D?�U
JM!"1�,�L2?2)O#2%&341�9;:f-�!"6�$�,(#�,�-

bk `�!"�E?��O12%K=2%&?2A�1�,�!n*�#���5D?���JM!"1���!uL2?2)O6X%DJML�,�F",M*�,��@?�!@L�_Xop.0! F",
#�!EP0!"1���)R!"�"$(A

x̂k Y�}�$&%V�"$(#2%D$�!"F ��)d*�#���-(,4L���$t6B��Y�&bUF�bU 6�#2%D$(1�,�7x_r_�� 6�,�#�! 1���os#2%(� =�!"$&%r5(,D?�A(P��/:
JM!"�"$(6��/:�?���1�!"G�1�9;:V�"���"$(! 7>`X*�,�#�,KJML�%(! 789;:M*�#�,�!"6�'���,�1�1�9>7^%&?�F",�#���$(78,�7QL�?2)V#�!"P�! 1���)r1�!"�"$&%&U
'���,�12%(#�1�9;:O_/#�%(-�1�!"1���GR�n%(-(A�!EU ��$�,�6��4%/Y

�;,c-($(,�#�,�7~�E?2_X=2%D!V��� *�,D?2A(3 _(!"$��])H,�5�,(5(.0!"1�1�9>G�78!"$�, LT78��1���7C%&?�A�1�9;:N1�! -()/34,�6�Ay��v�(� R�
12%D6/%D*/?���-I%Dow$��])a5I%D34��� 9�6�#�9;?2,�-�� 6��/:H*�#�,��E$�#2%(1��"$�-

Vmk

�NL�%(1�1�9>!\,d*�#�,�! 6�'����
Ak 1�%

Vmk

`
7C%D$(#���'�9

Gmk

�
Hmk ,mk

Yb�n%K=2%&?�A(1�,�!C*�#���5&?���JM!"1���!
xk

0

L2?2)
k
U Gv�"���"$(! 789^-�9>=����E?2)�!"$(�])M*�,��@?�!EU

L�,(-I%D$�!@?�A�1�,(�"$�A(o�*�#�,�!"6�$���#�,�-I%(1���G
xi+1

0 = xi
0−Vmi
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